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Two player games
◮ Veri�
ation of open systems, 
ontroller synthesis

◮ One player (Eve) 
orresponds to the system, the opponent(Adam) represents the hostile environment
◮ Winning 
ondition: spe
i�
ation of the system
◮ Strategy for Eve: 
ontroller ensuring that the spe
 is met

◮ Length of plays
◮ �nite: Intera
tions limited in depth
◮ in�nite: Rea
tive systems
◮ ordinal: Timed systems with potential Zeno behaviours



Plays
◮ Finite graph G = (V ,E )

◮ Partition V = VE ∪ VA
◮ 2 players, Eve and Adam; Eve plays in VE and Adam in VA
◮ Winning 
ondition a
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Beyond ωWe want models of systems where in�nitely many a
tions 
anhappen in �nite time (Zeno behaviours).A play is now a word of ordinal length, su
h as ((ab)ω
)ω(ba)ωdExamples:
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◮ ω2 + 3
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Why ordinals?
Extension of Chur
h's problem(Rabinovi
h & Shomrat)Automata on ordinal words(Bü
hi)Timed systems(ordinals allow to 
onsider Zeno behaviours)



Muller gamesWinning 
ondition: Eve wins if the set of states visited in�nitelyoften is in F . a
b
 dA play is an in�nite word, like 
babdababdabdababababda . . . .



Parity gamesWinning 
ondition: Eve wins if the least 
olour visited in�nitelyoften is even. a : 1
b : 2
 : 2 d : 0A play is an in�nite word, like 
babdababdabdababababda . . . .



ProblemsA game is given by a partitioned graph and a winning 
ondition.We want to know:
◮ whether the game is determined (one of the players has awinning strategy)
◮ given an initial state, whi
h is the winning player
◮ is there a �nitely-representable winning strategy
◮ how to 
ompute su
h a winning strategyTheoremMuller games are determined (Martin).Finding the winner is PSPACE-
omplete (Hunter and Dawar).



Extending Muller gamesWe add limit transitions to the arena.
{a} → 

{a, b} → d
{a, b, 
} → A
{a, b, d} → A
{a, b, 
 , d} → E

a
b
 d A

E
Winning 
ondition: Eve wins when the token rea
hes vertex E .



Redu
tion Ordinal game Muller gamea
b d

a
b da′ β

{a, b} /∈ F

{a, a′, b, β} ∈ F
β

A winning strategy in the Muller game 
orresponds to a winningstrategy in the ordinal game.



Translating strategies
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ResultsDetermina
yDire
t 
onsequen
e of the strategy translationFinding the winner is PSPACE-
ompleteSame 
omplexity as traditional Muller gamesBut..
◮ Restri
ted to 
ertain arenas: no limit transitions of the formP → q ∈ P
◮ Strategies need in�nite memory



Spe
ial 
ase: priority transitionsWe add priorities to the states, and limit transitions to the arena.2 → E3 → d4 → 
 a : 3
b : 4
 : 2 d : 5

E
Winning 
ondition: Eve wins when the token rea
hes vertex E .



ResultsTheoremRea
hability games of ordinal length are determined.TheoremIn an ordinal priority game, �nding the winner is NP ∩ 
o-NP.The winning player has a positional strategy.CorollaryIn an ordinal Muller game with n verti
es, the winner has a strategywith n! memory states.



Positional strategies for priority gamesa : 5 b : 3
 : 4 d : 5e : 3 f : 22 lim
−−→ a 3 lim

−−→ ⊚ 4 lim
−−→ d 5 lim

−−→ bOne 
an 
ompute winning strategies using a variant of Zielonka'salgorithm. These strategies are positional.Idea: 
ompute su

essive attra
tors and re�ne until we have thewinning regions.
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The LAR redu
tionLatest Appearan
e Re
ordA pair (π, i) where:
◮ π is a permutation over the states
◮ 1 ≤ i ≤ #statesStates of the redu
ed (priority) game = LARs of the original gameSu

essor transitions

(π, i) → (µ, j) if:
◮ π(1) → µ(1)
◮ µ(1) = π(j)
◮ all other states stay in the same orderWe need one 
olour for ea
h LAR.



Detail of the transitions


bad , 3 ba
d , 2 ab
d , 2a
bd , 3 ab
d , 1 a
b
 d



Con
lusion
Determina
yOne of the players has a winning strategyComplexityFinding the winner is PSPACE-
omplete for Muller-like games, andNP ∩ 
o-NP for priority games.StrategiesPositional strategies in priority games, �nite memory in Muller-likegames through a redu
tion
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